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Introduction
Research abounds involving comparisons of distributions. In all areas of economics -empirical, experimental, and theoretical -these comparisons are used to substantiate conclusions. Do macroeconomic variables assume different values across countries? Do different experiment treatments yield different outcomes? Do predictions differ between model simulations based on varying sets of parameter values? And so on.
In many cases the theoretical distribution of the underlying economic phenomenon is not known and the comparison of (sample) distributions boils down to the comparison of (sample) statistics. Next to the traditional consideration of sample moments and extreme values, the most-frequently used test in applied research involves some version of the Mann-Whitney-Wilcoxon (Mww) U statistic. 1 As this elegant test yields the probability that one variable is less than or equal to another, it is not suited for testing whether two (sample) distributions differ as such; rejecting the hypothesis that neither of two random variables exceeds the other does not imply acceptance of the hypothesis that they are drawn from the same distribution. This paper introduces a statistic for testing just that.
Other comparisons typically involve graphical displays, most notably quantile-quantile (QQ) plots and percentile-percentile (PP) plots. The former is the scatter plot of quantiles of two distributions for all entries of their joint support while the latter displays for all these values the scatter plot of the two distributions' percentiles. If distributions differ in scale and location only QQ-plots consist of straight lines with slope one, which by some is considered to be a desirable feature (Wilk and Gnanadesikan, 1968 ). Yet, they become degenerate in case of non-overlapping supports. Relatedly, QQ-plots are highly sensitive to observations in either distributions' tails. While this readily allows for the identification of outliers it blurs the pattern that is present in the majority of the data. Also, if one support encompasses the other QQ-plots can be straight lines (due to the scale-location-invariance property) even though the probability mass is distributed quite differently for the two underlying distributions.
Although PP-plots do not carry the scale-location-invariance property they have several advantages. First, comparisons between distributions are always available in compact space as PP-plots are scale-invariant. Second, they are little obscured by outlying observations because they are much more sensitive to differences in the centre of the mass of the underlying distrib-utions than to differences in their tails. This property in particular makes them well-suited for establishing whether two samples are drawn from the same distribution as the implicit focus is on the pattern exhibited by the majority of the data. Third, and most importantly, PP-plots contain all necessary information to make scale-invariant comparisons between distributions (Holmgren, 1995).
The informative features of graphical displays notwithstanding, they do not provide information from which statistical inferences can be drawn. 2 Indeed, in this paper the information of a PP-plot is translated into a single number between 0 and 1. Because a PP-plot is the diagonal in case the two underlying distributions are identical, an obvious measure for characterizing PP-plots is the area between the diagonal and the plot. It is this area, multiplied by two, that is considered here. As it reflects the extent to which the probability mass of the two underlying distributions is in harmony, it is labelled the Harmonic Mass (HM) index.
Theoretically the HM index is readily defined, as is the PP-plot. For practical use the sample HM index is to be considered, which specifies the index value for any two discrete samples. The sample HM index is shown to be consistent. Absent within-sample and between-sample ties, simple rules are specified to compute the index value without approximation error.
Next, the probability density function (pdf) of the sample HM index is derived under the assumption that the two underlying samples are drawn from the same distribution. This readily allows for hypotheses testing. As this pdf involves burdensome computations, critical percentiles are provided of the related cumulative density function (CDF) for samples including up to 350 entries. For larger samples an accurate approximation rule is derived.
To some extent the use of the HM test is ruled by its inherent Type-I and Type-II error. Outliers are shown to have a mild influence on the HM test; simulated critical percentiles are hardly affected by data contamination of up to five percent of all observations, while those at 97.5 and 99 are little affected by a corruption of 10 percent of the data. This is comfortably in line with Hampel et al. (1986) who find that 10 percent is the maximum fraction of pollution in routine data. The acceptance rate of the HM test in case the two underlying distributions differ, depends on the specific distributions that are compared. Simulations indicate that the HM test is quite able to discern the log-normal, uniform, and exponential distribution in case these distributions are parameterized such that they mimic each other.
Finally, an assessment of the distribution dynamics of the Balassa index for revealed comparative advantage in the United Kingdom (UK) illustrates the use of the HM test. In this case it reveals a particular era to be relatively volatile, an era that is overlooked by a traditional Markov analysis.
The Harmonic Mass index
Consider the following set of functions:
Let F and G be CDFs belonging to Ξ 1 . The concomitant PP-plot depicts the percentiles of one distribution relative to the other:
whereby
An example of such a PP-plot is given in Panel a of Figure 1 . Clearly PP-plots are mappings from [0, 1] onto [0, 1] and depict the correspondence between the two underlying distributions in probability space.
HM index: definition
As the PP-plot coincides with the diagonal if, and only if, the two underlying distributions F and G are identical, an obvious measure to characterize PPplots is the absolute value of the total deviation between the diagonal and the PP-plot. This notion is much in the same spirit as the Gini coefficient for Lorenz curves. To normalize this measure to an index value between 0 and 1, the particular surface is multiplied by 2, that is:
Indeed, the HM index corresponds to the shaded area multiplied by 2 in Panel b of Figure 1 .
HM index: properties
Observe a number of properties of the HM index.
, it follows that F = G; likewise, F (q) = G(q) implies that F −1 (G(q)) = q, from which an HM index of 0 follows. Property P2 (symmetry): HM(F, G) = HM(G, F ).
As the PP-plot of F taking G as the basis is the reflection of the PP-plot around the diagonal of G taking F as the basis, either yields the same value for the HM index.
Since a PP-plot is an increasing function on its domain, the maximum deviation with the diagonal is obtained if it never crosses in the interior and approaches either of the coordinates (0,1) or (1,0), in which case the absolute surface area between the diagonal and the PP-plot is 1 2 (this maximum value can also be obtained if the PP-plot crosses the diagonal only once).
The sample Harmonic Mass index
For using HM index (2) in practise its sample counterpart needs to be considered. Let X n = {x 1 , ..., x n } be n realizations of finitely discrete random Bamber, 1975) . Consider for example the water level of the river Meuse as it enters The Netherlands at Borgharen Dorp in 1990 and 1993. In 1993 the Southern part of Holland was plagued by severe floods and it is of interest to know whether the entire year 1993 was exceptional. Table 1 contains the maximum water levels in millimeters for both 1990 and 1993 recorded on each last day of every month. The resulting discrete sample PP-plot is depicted in Panel a of Figure 2 .
To compare 1990 with 1993 the Mww U statistic could be computed:
where
.., n, j = 1, ..., m. In case X refers to the 1990 water levels, (3) equals 7 16 and the hypothesis that
The reverse hypothesis is rejected as well considering the value of 9 16 for the Mww U statistic. Yet, this leaves undecided whether sample years 1990 and 1993 are different in a probabilistic sense regarding the entering heights of the river Meuse into The Netherlands.
Sample HM index: definition
, the sample HM index can be considered. It is derived from the continuous analogue of the discrete sample PP-plot -referred to as the sample PP-plot -which is obtained by uniformly distributing the probability that is concentrated in any point c i over the interval from c i−1 to c i (Girling, 2000) . If the function α is defined as α(c k ) = c k−1 , and if υ and ω are independent random variables that are uniformly distributed over the unit interval, the continuous analogues of X and Y follow from:
The sample PP-plot is thus obtained by connecting the points of the discrete sample PP-plot through straight lines as in Panel b of Figure 2 (Bamber, 1975) . The empirical CDFs of e X and e Y are denoted by e F n and e G m respectively. These are continuous functions with a finite number of steps. The sample HM index is then defined as:
In Panel c of Figure 2 the sample HM index corresponds to the shaded area and equals 7 36 . In this case the value of the sample HM index can be obtained by a straightforward geometric argument. In Section 3.2 below a simple rule is specified that yields the exact value of the sample HM index when both samples are of equal size and absent within-sample and betweensamples ties (as is the case here, see Table 1 ). For this special case also the exact distribution of the HM index is derived under the hypothesis that both samples are drawn from the same distribution (Section 4). Considering this distribution indicates that this hypothesis cannot be rejected; statistically The notion that the Mww U statistic should not be used to assess if two samples are different in a probabilistic sense also follows from its relation to the sample PP-plot. Bamber (1975) shows that the value of the Mww U statistic (3) corresponds to the area below the sample PP-plot (other versions of the Mww U statistic can be represented in a similar way, see Girling, 2000) . Obviously, in case X n = Y m the Mww U statistic equals 1 2 (Panel a of Figure  3 ), a value that is also obtained for the sample PP-plot depicted in Panel b of Figure 3 . This latter plot depicts what could happen due to a meanpreserving increase in spread of one of the underlying samples.
Finally, note that the sample PP-plot converges point-wise to its theoretical counterpart with probability one when n, m → ∞ (Mushkudiani, 2000). The following results are then immediate:
This consistency of the sample HM index implies in particular:
Accordingly, the sample HM index converges to zero if, and only if, the two samples are drawn from the same distribution. This makes it an appropriate statistic for testing just that. Indeed, in Section 4 below, the distribution of the sample HM index is derived under the assumption that both samples are drawn from the same distribution for a set of CDFs that is a subset of Ξ 1 .
Sample HM index: computation
To approximate sample HM index (4) numerous computing packages are available. 3 In special cases the sample HM index can be determined without approximation error.
First, an exact identification of the discrete sample PP-plot is possible when the following two assumptions hold:
Assumption A1 implies that no ties are present within either sample; assumption A2 precludes ties between samples.
Let R(·) denote the rank of an element from the joint, ordered sample {X n , Y m } whereby the largest sample value receives rank 1. The coordinates of the discrete sample PP-plot then follow (see Appendix A for the proof):
Together with the origin (0,0) the coordinates in Lemma 1 provide the exact discrete sample PP-plot (as in Figure 4 for example). Obviously, reversal of X n and Y m results in the reflection of the discrete sample along the diagonal. Second, from this sample PP-plot the exact concomitant sample HM index can be computed, using only the "X-coordinates" (the proof is in Appendix A): 
A simpler form of the exact sample HM index is available if in addition the following assumption applies:
Section 4.2 below contains two suggestions for adjusting samples to be of equal size. For computing the sample HM index this is useful as (Appendix A contains the proof):
Sample HM index (4) is thus readily computed using Lemmata 1 and 2 provided that A1-A2 hold. If in addition A3 holds, the computationally less burdensome formulation in Lemma 3 can be used.
Hypotheses testing
To test statistically whether two samples are drawn from the same distribution, the probability density function (pdf) of the sample HM index is to be retrieved under this hypothesis. Because the number of possible sample HM index values for any two samples X n and Y m quickly becomes countably infinite with increasing sample sizes, a general characterization of this pdf cannot be provided. For a subset of Ξ 1 this is possible however. In particular, let
, that functions belonging to Ξ 2 are continuous and strictly increasing CDFs on their support, and that mass points are absent. Hence, the probability that assumptions A1 -A2 are met for samples drawn from some F ∈ Ξ 2 is one.
Given any two samples X n and Y n , respectively drawn from (unknown) distributions F ,G ∈ Ξ 2 , the hypothesis of interest is:
Symmetric samples
For deriving the pdf of HM S ³ e F n , e G n´u nder H 0 for any two samples of size n ∈ N, the following notation needs to be introduced:
• Θ(n) ≡ 1 + n(n − 1)/ 2, the number of possible distinct values of the sample HM index;
, half the number of possible distinct discrete sample PP-plots, whereby Ω(1) ≡ 1;
• B(n) ≡ (∆ n | 2Υ n ), whereby ∆ n is the upper triangular unit matrix of size n and Υ n the unit vector of size n;
In Appendix A the following proposition is proved.
Proposition 2 Let X ∼ F ∈ Ξ 2 , and Y ∼ G ∈ Ξ 2 . Under H 0 , given any two samples X n and Y n with, respectively, concomitant empirical CDFs e F n and e G n , for any symmetric sample size n ∈ N the following holds:
The pdf h(x) of the sample HM index is given in Table 2 for n = 1, ..., 6. The number of possible distinct outcomes of the HM index increases quadratically with n and is, for example, equal to 191 for n = 20, and 4,951 for n = 100. The number of possible distinct discrete sample PP-plots increases much more rapidly and equals 68,923,264,410 for n = 20, and approximately equals 4.52743×10 58 for n = 100. Also, and in line with corollary 1, the probability mass moves towards lower values of the sample HM index with increasing sample sizes, as illustrated in Figure 5 . This allows for obvious hypothesis testing for symmetric samples of modest size. For larger samples a rather accurate approximation of the various critical percentiles is available. Table 3 contains these approximations which are ruled by the linear regression ln(cp) = β 0 + β 1 ln(n), where cp refers to the critical percentile, cp = {0.90, 0.95, 0.975, 0.99}. 5 These approximations are accurate indeed as for n ≥ 100 the absolute difference between the actual and predicted critical percentile is less than 10 −3 (considering the goodness-of-fit of the various regressions this should not come as a surprise). 6 For instance, for n = 1000 the 99 th percentile of the sample HM index CDF approximately equals 0.0673. Table 3 : Rule-of-thumb for determining various critical percentiles of the CDF of the sample HM index; heteroskedasticity-consistent standard errors in parentheses (White, 1980).
Asymmetric samples
In practise different samples easily have different sizes, which still allows for computation of sample HM index (4) though (see also footnote 3). To use it for hypotheses testing requires either an approximation of its distribution, or that the problem is converted towards the symmetric sample case.
Monte Carlo
The distribution of the sample HM index under H 0 can always be obtained through simulation. Table 4 contains simulated critical percentiles of the distribution of sample HM index (4) for various asymmetric sample pairs. Each simulated distribution is based on 100,000 runs and the underlying samples are drawn from a standard normal distribution. Note that the critical values of the two symmetric sample pairs (n = 50 and n = 100) are close approximations of their true values (see Appendix B).
Symmetric approximation
Alternatively an educated guess is formulated regarding the relevant critical percentiles. One such guess would be the critical percentiles of the symmetric distribution with n = (n + m)/ 2 observations (appropriately adjusted in case n would not be an integer). Considering the entries in Table 4 and in Appendix B suggests that this procedure yields accurate critical percentile values in case the smallest sample is not 'too small' (say, larger than 30), and the relative difference in sample size is not 'too large' (say, less than 10%). For instance, for n = 90 and m = 100 the critical values are in Table 4 , which compare rather accurately with the theoretical values for symmetric sample size n = 95 in Appendix B. Table 4 : Simulated critical percentiles z of the sample HM index CDF for various asymmetric sample sizes.
(Random) selection
Because simulation might be considered to be too tedious 7 and the symmetric approximation too much off the mark, alternative solutions to the violation of A3 equalize the number of observations in both samples. For instance, the number of observations in the larger sample can be reduced to match that of the smaller sample. Even though this procedure discards valuable information and it is not immediate which observations are to be removed, especially for large sample sizes this can be an effective solution. To tackle the problem of observation selection various subsamples from the larger sample could be considered to qualify the robustness of the computed sample HM index. Alternatively an additional indicator is available (industry or country code, sex, age, etc.) along which an intersection of samples can be composed.
Comparing the symmetric sample size pairs in Table 4 with the asymmetric pairs suggests the order of the Type-I error of this procedure. Although for individual cases the effect on the sample HM index of removing observations from the larger sample is ambiguous, on average it has the effect that the computed HM index is too large. Hence, H 0 is rejected too often and a sufficient condition emerges; if H 0 is not rejected for samples that are symmetric by construction, it most likely would not be rejected for the original, asymmetric setting. 
Interpolation
Alternatively the number of observations in the smaller sample is increased to match the size of the larger sample. Various methods are available for series fitting to sample data (see, e.g. Cabral and Mata, 2003) . These fitted series then allow for an alignment of the two samples sizes.
Robustness
For assessing the robustness of the HM test two situations are considered: (i) samples drawn from the same distribution whereby a varying proportion of the data is corrupted, and (ii) samples drawn from different distributions absent outliers. Table 5 contains the fractions of the HM index values being less than or equal to the true HM index value corresponding to the respective percentiles. These entries are based on 100,000 runs with sample size n = 100. Both X n and Y n are drawn from the standard normal distribution with, however, a varying percentage of the observations in Y n being drawn from N(0, 100). This is a typical procedure to create outliers (see e.g. Wagenvoort and Waldman, 2002). Note that for fractions of data corruption beyond 50 percent the identification of the true distribution of Y becomes blurred. On average, data contamination increases the value of the sample HM index. For fractions of data contamination up to five percent the HM test remains quite reliable; approximation errors of the critical percentiles are well within a one percentage point. On the other hand, using the HM test with the lower critical percentiles is especially prone to Type-I errors if more than 10 percent of the data are corrupted.
Type I errors

Type II errors
Alternatively the two underlying distributions differ by construction. As the number of comparisons is unlimited, all that can be provided is an illustration of Type-II errors for a particular set of distributions. Our choice of distributions is ruled by their commonality. The distribution-specific parameters are chosen such that the distributions mimic each other.
In Table 6 again the true HM index value for the various critical percentiles is compared with that of 100,000 runs for each of the distribution pairs (with, again, n = 100). In all cases, the fraction of computed HM index values that is below the HM index value corresponding to a specific percentile of the HM index CDF, is much lower than the true percentage. Although these simulations do not provide an exhaustive assessment of the power of the HM test, they do suggest that the test is capable of discerning different, commonly used distributions.
An application
Using the sample HM index is of particular use for tracing out the development of distributions over time because it avoids clustering observations into a discrete number of cells, as is necessary for instance when applying traditional Markov analyses. Consider for example the distribution over all 4-digit sectors of the UK regarding their value of the Balassa index -which measures the comparative advantage of a sector -from 1970 through 1997. The Balassa index is defined as a sectors' national export share as a fraction of the sectors' export share in world exports. It is thus a positive, real number whereby index values above one refer to a "revealed comparative advantage" (see Balassa, 1965) . 8 On average, throughout the sample period the UK experiences a comparative advantage for 36.7% of all its sectors where a maximum index value of 10.39 is recorded in 1974 for "Spirits; liqueurs, and other spirituous beverages (excluding wine, cider, Perry mead, ale, stout and porter)".
As comparative advantage tends to be sticky, a five year comparison lag is used to assess the development of the distribution of Balassa indices over time. Figure 6 Table 7 together with the appropriate critical percentiles at the 5 percent significance level, denoted by z 95 ¡ HM S ¢ . The latter are obtained using the rule-of-thumb specified in Table 3 and can thus differ per comparison as the underlying samples vary in size. The year-by-year comparisons are restricted to the subset of sectors for which a strictly positive Balassa index is recorded in both years; symmetry in Table 7 : Year-by-year comparisons of the distribution of the Balassa index in the UK, using the sample HM index (second column) and a mobility index based on Markov matrices (fourth column). sample size is thus obtained using the selection method discussed in Section 4.2. For the UK the years 1974 -1980 stand out in that the distribution of the Balassa index differs significantly from the same distribution five years later. An in-depth analysis of the UK economy goes beyond the scope of this paper but do observe that the identified period coincides with the first and second oil crisis. Together with the particularities of the labour unions in the UK at the time would account for the identified pattern (indeed, the same procedure applied to other European countries does not identify the same years as particularly volatile regarding revealed comparative advantage).
Alternatively the year-to-year dynamics of the process are captured by Markov matrices Λ i,j , and the information contained in each of these transition matrices is converted into a single number using an appropriate norm. 9 The fourth column of Table 7 contains the so obtained mobility indices MI, whereby the respective Markov matrices are based on quintiles and the mobility indices defined as (Geweke et al., 1986) : MI = (n − tr(Λ i,j ))/(n − 1).
10
9 This alternative is discussed as it is typically used in the literature for describing the dynamics of empirical distributions. However, Markov matrices capture the volatility of the rank of observations while the HM index as applied here captures the volatility of the shape of the various sample distributions. 10 There is an element of discreteness here in the sense that the number of cells in the Considering then these mobility indices does not identify the period 1974 -1980 as being special. Some of the years in this time span could be labelled particularly volatile if that coincides with MI ≥ 1 2 , but that would then also apply to 1988. However, and relatedly, no statistical test is available for comparing mobility indices.
11 Indeed, qualitatively the traditional Markov approach does not identify proper the years that are especially volatile regarding the change in specialization patterns of the UK economy; quantitatively no test is available to assess the statistical significance of the related mobility indices.
Conclusions
In this paper the graphical information of PP-plots is translated into a single index number. As PP-plots characterize the extent to which the two underlying probability masses are in harmony, the index is labelled the Harmonic Mass index. The sample version of the HM index, which is based on sample PP-plots, is shown to be consistent. For samples of equal size and absent within-sample and between-sample ties, elegant rules are derived for computing the sample HM index exactly.
For a wide class of CDFs the exact distribution of the sample HM index is derived, under the hypothesis that the two underlying samples are drawn from the same distribution. Accordingly, a new, nonparametric, distributionfree statistic is developed for testing exactly that.
Because of the burdensome computations that are involved to determine critical percentiles of the statistics' CDF, these are provided for samples that include up to 350 entries. The current state of available techniques does not allow for an assessment of larger sample sizes. However, an accurate rule-ofthumb is presented for determining these critical values for any, symmetric sample size. Also, as for some applications the sample distributions that are to be compared are of unequal size, four methods are discussed that translate any asymmetric setting towards the symmetric case.
Simulations indicate that the HM test is relatively unaffected by outliers if these corrupt up to 10 percent of the data. For assessing the type-II error of the HM test three commonly observed distributions are considered: log-normal, uniform, and exponential, whereby the distributions are parameterized such that they mimic each other. The simulations suggest that the HM test is indeed capable of discerning these commonly used distributions.
Finally, an application regarding the dynamic development of revealed comparative advantage not only stresses the usefulness of the HM index, it also illustrates the use of one of the methods to compare samples of different size. [15] White, H., (1980), "A heteroskedasticity-consistent covariance matrix estimator and a direct test for heteroskedasticity", Econometrica, 48 (4): 817 -838.
[16] Wilk, M. B. and R. Gnanadesikan (1968), "Probability plotting methods for the analysis of data", Biometrika, 55: 1 -17.
A Proofs
A.1 Proof of Lemma 1
¢ . Under Assumption A1 the n and m realizations of X n and Y m are unique, dividing the unit interval into n and m steps of size 1/n and 1/m, respectively. Consequently, G −1 (i/n) = x i for i = 1, .., n. To determine the number of observations in Y m smaller than or equal to x i consider the joint sample {X n , Y m }. Under Assumption A2 R(x i ) denotes the unique rank from the joint, ordered sample {X n , Y m }, of which i−1 observations relate to X n and the remainder to Y m . Accordingly, n+m−[R( as illustrated at i = 2 in Figure 7 . The contribution to the sample HMsame logic applies.
First note that sample PP-plots based on e F n and e G n can be visualized by dividing the unit square into n 2 blocks of size 1/ n 2 . Any possible sample PP-plot is then a non-decreasing path along the edges of these blocks from (0, 0) to (1, 1). In Figure 8 this is illustrated for n = 1, 2, 3.
For n = 1 there are two, equally likely pointwise sample comparisons (with concomitant distinct sample PP-plots), both yielding a sample HM index value of one:
In the first case the sample PP-plot follows path O 1 D 11 F in Panel a of Figure 8 while in the second case the sample PP-plot coincides with O 1 E 11 F . Without loss of generality assume that X 1 (n) > Y 1 (n) (symmetry implies that the actual number of possible sample PP-plots is twice as large without this assumption; it does not, however, affect the number of possible distinct sample HM index values, nor the probability of their occurrence). Using the notation of the main text note:
Matrices A, B and M are discussed below. For n = 2, given that X 1 (2) > Y 1 (2) , there are three, equally likely pointwise sample comparisons:
In Panel b of Figure 8 these possibilities respectively corresponds to sample . Observe the iterative structure going from n = 1 to n = 2. First, considering all possible sample PP-plots from O 1 onwards in Panel b corresponds to examining all possible sample PP-plots as if n = 1. The latter are characterized above assuming that X 1 (1) > Y 1 (1) . Since this holds by definition at 
Matrix M(n) is constructed to summarize all possible sample PP-plots, where the row coordinate -from top to bottom -refers to the number of blocks that have to be substracted, where the column coordinate -from left to right -corresponds to the position -from top to bottom -along the vertical line at location 1/ n in sample PP-plot space for samples of size n (for example locations D 11 and O 1 in Figure 8 , Panel b), and the matrix entry refers to the number of possible sample PP-plots with the related value of HM S n . Hence, the sum of the k th row of M(n) is the number of distinct sample PP-plots for which k − 1 times the number of blocks of size 1/ n 2 (times two) has to be subtracted from one in order to determine the value of the sample HM index for these plots (thus being: 1 − 2(k − 1)/ n 2 ). Note that for n = 1 zero blocks are subtracted.
Indeed, the rows of M(2) are associated with the number of possible distinct sample PP-plots yielding HM (2) and dividing these by the total number of distinct sample PP-plots, Ω(2). Auxiliary matrices B(1) and A(2) are defined to construct M(2) on the basis of M(1).
For n = 3, given that X 1 (3) > Y 1 (3), there are ten, equally likewise pointwise sample comparisons giving rise to the various distinct sample PP-plots (Figure 8, Panel c) . First note that the upper North-East block starting at O 2 corresponds to the situation for n = 2, referred to as the "n 2 -block".
However, additional sample PP-plots have to be considered; those that "enter" the n 2 -block at either D 21 or D 22 . Second, because the n = 2 case was characterized assuming X 1 (2) > Y 1 (2) all possible sample PP-plots from O 2 onwards have to be multiplied by 2 as X 1 (2) < Y 1 (2) can now also apply (indeed, the 2Υ n again). Note that this does not apply to sample PP-plots "entering" the n 2 -block at either D 21 or D 22 because for the sample PP-plots going through these points in the n = 2 case the assumption X 1 (2) > Y 1 (2) applies by definition. Third, for determining the value of HM , M 32 (3) = 2 signifies there being two possible PP-plots to end at (1,1) from entering the n 2 -block at D 22 resulting in HM S 3 (3) = 5 9 , M 33 (3) = 2 means that two possible distinct sample PP-plots exist that run through O 2 and yield HM S 3 (3) = 5 9 , and M 34 (3) = 4 says that there are four distinct sample PP-plots going through O 2 corresponding to HM S 3 (3) = 3 9 . Summing up the rows of M(3) and dividing these sums by Ω(3) returns D 3 . To construct M(3) on the basis of M(2) the auxiliary matrices B(2) and A(3) follow. 
B The sample HM index CDF
